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Treating inflation as an effective theory, we expect the effective Lagrangian to
contain higher-dimensional kinetic operators suppressed by the scale of UV physics.
When these operators are powers of the inflaton kinetic energy, the scalar field can
support a period of noncanonical inflation which is smoothly connected to the usual
slow-roll inflation. We show how to construct noncanonical inflationary solutions
to the equations of motion for the first time, and demonstrate that noncanonical
inflation is an attractor in phase space for all small- and large-field models. We
identify some sufficient conditions on the functional form of the Lagrangian that
lead to successful noncanonical inflation since not every Lagrangian with higher-
dimensional kinetic operators can support noncanonical inflation. This extends the
class of known viable Lagrangians and excludes many Lagrangians which do not
work.
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I. INTRODUCTION
Cosmological observations of the large-scale Cosmic Microwave Background (CMB) [1–3]
and large-scale structure [4, 5] are consistent with the generation of large-scale primordial
density perturbations from a period of early-universe inflation. In the simplest models,
this inflationary period can be driven by a nearly constant energy density arising from the
potential energy of some scalar field.
There are a number of relevant energy scales in inflationary models. At the very least
there are the Hubble scale H of the inflating universe, the mass m of the inflaton, and the
Planck scale Mp, which have a hierarchy m ≪ H ≪ Mp. However, all inflationary models
are effective theories, only valid up to some intermediate scale Λ; H < Λ < Mp. When
one treats inflation as an effective theory, integrating out physics above the scale Λ induces
nonrenormalizable operators in the effective theory,
Leff = L0 +
∑
n>4
cn
On
Λn−4
.
Normally, such higher-dimensional operators play a subdominant role in the effective theory
because they are suppressed by powers of the cutoff scale Λ. However, in inflation the self-
coupling of the inflaton must be small, so higher-dimensional operators can compete with
tree-level physics.
For example, consider a canonical scalar field with a small mass, whose Lagrangian is
given by
− L0 = 1
2
(∂φ)2 + V0 +
1
2
m2φ2 .
In order for inflation to occur the mass must be sufficiently small. The smallness of the mass
is characterized by the slow-roll parameter ηSR =M
2
pV
′′/V ≈M2pm2/V0, which must satisfy
|ηSR| ≪ 1. However, dimension-6 Planck-suppressed operators of the form O6M2p ∼
〈O4〉
M2p
φ2 can
lead to corrections to the effective mass. If 〈O4〉 ∼ V0, then this higher-dimensional operator
dominates the effective mass term of the inflaton and ruins the possibility of inflation since
ηSR ∼ O(1). This is the classic η-problem of inflation, and demonstrates one aspect of the
UV-sensitivity of inflation (see also the review by Baumann and McAllister [6] for more
discussion).
3Integrating out UV physics can also lead to corrections to the kinetic terms which are
higher powers of derivatives. For example, consider the two-field Lagrangian
− L = 1
2
(∂φ)2 +
1
2
(∂ρ)2 +
ρ
M
(∂φ)2 +
1
2
M2ρ2 + V (φ) ,
with φ our putative inflaton. Below the mass of the ρ-field, i.e. for H ≪ M , ρ can be
integrated out to obtain an effective low-energy Lagrangian with higher-dimensional kinetic
terms:1
−Leff = 1
2
(∂φ)2 +
(∂φ)4
M4
+ ... + V (φ)
(where the ellipsis refers to loop corrections). Another example is the DBI action [8], where
integrating out W bosons that couple to φ leads to an effective Lagrangian of the form
− LDBI = Λ4
[√
1 +
(∂φ)2
Λ4
− 1
]
+ V (φ) ≈ 1
2
(∂φ)2 +
1
8
(∂φ)4
Λ4
+ ...+ V (φ) .
It is well known that the DBI action contains novel non–slow-roll inflationary solutions
[8–13]. However, even very similar looking Lagrangians such as the tachyon action [14–17],
− LTach = V (φ)
√
1 +
(∂φ)2
Λ4
,
do not allow these novel inflationary solutions. It is a puzzle, then, what the relevant features
of an effective Lagrangian containing higher-dimensional kinetic operators must be so that
the Lagrangian can support non–slow-roll inflation.
In this paper, we consider this question for the class of Lagrangians which are functions
of the canonical kinetic term X ≡ −1
2
(∂φ)2:
Leff = p(X, φ) . (1)
Lagrangians of this form with p(X, φ)→ 0 as X → 0 were proposed in [18] as alternatives to
potential energy dominated inflation. Those models, in which the potential energy vanishes
and the kinetic energy alone provides the conditions for inflation, were dubbed models of
k-inflation. More generally, we expect the inflationary scalar field to have both potential
and kinetic energy terms, with both terms playing important and interesting roles during
inflation. To avoid confusion with the specific k-inflation models of [18], we will designate
generalized models of inflation (1) with both kinetic and potential energies as models of
noncanonical inflation.
The phenomenology of inflationary backgrounds from Lagrangians of the form (1) has
been considered before [19, 20], and these models have been studied in the Hamilton-Jacobi
formalism [21, 22]. However, the general inflationary solutions to the equations of motion
have not yet been found. In Section II we will construct the noncanonical inflationary
solutions to the equations of motion of (1), generalizing the well-known slow-roll results.
The noncanonical inflationary solutions trace out a trajectory in phase space. In Section
III we show that these noncanonical inflationary trajectories are attractors, again gener-
alizing known results from the slow-roll literature. In Section IV we investigate in more
1 See also [7] for a discussion of this effect.
4detail the inflationary solutions found in Section II and describe some general properties of
effective Lagrangians which lead to noncanonical inflationary solutions.
Certainly, (1) is not the most general form for the Lagrangian. For example, the effective
Lagrangian could also contain terms with higher derivatives of the scalar field, e.g. (∂µ∂
µφ)2.
From an effective-field-theory point of view, it is morally inconsistent to include higher-
dimensional operators like X2 in the action (1) and neglect other higher-derivative operators
like (∂2φ)2 and (∂3φ)2, which have the same, or smaller, operator dimension. In Section V
we will examine the consistency of keeping only functions of X in our action. We will show
that all higher-derivative terms are subleading during inflation, being suppressed by powers
of the inflationary parameters compared to the leading terms (1). Thus, keeping functions
of X only is an (approximately) consistent truncation of the full set of higher-dimensional
operators.
In Section VI we consider some specific Lagrangians, construct their noncanonical in-
flationary solutions, and explicitly evaluate the inflationary parameters for some sample
potentials, demonstrating how the procedure for finding noncanonical inflationary solutions
outlined in Section II works in practice. Finally, in Section VII, we conclude with a review
of our results and a discussion of future directions. Some technical points and auxiliary
computations are relegated to the appendices.
II. NONCANONICAL INFLATIONARY SOLUTIONS
We are interested in the dynamics of a single scalar field φ coupled (minimally)2 to gravity
with the generalized action
S =
∫
d4x
√
g4
[
M2p
2
R4 + p(X, φ)
]
. (2)
We have written here the Lagrangian as a function of X ≡ −1
2
(∂µφ)
2 and φ. For homoge-
neous inflationary solutions we will consider the action (2) on an FLRW background
ds2 = −dt2 + a(t)2d~x2 , (3)
with the scalar field homogeneous in space, φ = φ(t), so that X ≡ 1
2
φ˙2 with X > 0 always.
The perturbations and phenomenology of inflationary backgrounds with the action (2) have
been considered before [19, 20]. Observables are written in terms of the inflationary param-
eters, generalizations of the usual slow-roll parameters familiar from canonical inflation:
H ≡ a˙
a
; ǫ ≡ − H˙
H2
; η ≡ ǫ˙
Hǫ
; κ ≡ c˙s
Hcs
; c2s ≡
(
1 + 2X
∂2p/∂X2
∂p/∂X
)−1
. (4)
The sound speed cs is the speed at which scalar perturbations travel, and is a measure
of how far the theory is from one with a canonical kinetic term; when cs is very different
from one, the kinetic terms are strongly noncanonical. For a canonical scalar field, we have
p(X, φ) = X − V (φ) and the inflationary parameters reduce to the usual set of slow-roll
2 A non-minimal coupling can be written in this form after an appropriate Weyl transformation to Einstein
frame [23, 24].
5parameters, with cs = 1, and κ = 0 identically. The scalar power spectrum P
ζ
k , evaluated
when the perturbations exit the sound horizon; the scalar spectral index ns; and the tensor
to scalar ratio r are [19] (using the notation of [20])
P ζk =
1
8π2
H2
M2p
1
csǫ
∣∣∣∣
csk=aH
; (5)
ns − 1 = −2ǫ− η − κ ; (6)
r = 16cs ǫ . (7)
A particularly exciting aspect of noncanonical inflationary models is that they can lead to
an observable amount of non-Gaussianity in the CMB. The leading order behavior of the
non-Gaussianity from noncanonical single field models is of the equilateral type [20]3, with
amplitude
f
(equil)
NL ∼ c−2s . (8)
Current measurements of the Gaussianity of the CMB place (shape-dependent) bounds on
the amount of primordial non-Gaussianity. For equilateral non-Gaussianities, the amplitude
is constrained to be of the order |fNL| <∼ O(100) [3, 26, 27], which translates into a lower
bound of cs >∼ 0.1 on the sound speed during the observable window of the CMB.
The equations of motion can be derived by noticing that in the homogeneous case the
scalar field can be treated as a perfect fluid, with pressure p = p(X, φ) (hence our choice of
variables) and energy density
ρ ≡ 2X ∂p
∂X
− p . (9)
The Einstein equations lead to the well-known Friedmann equations(
a˙
a
)2
≡ H2 = 1
3M2p
ρ; (10)
a¨
a
= − 1
6M2p
(ρ+ 3p) . (11)
We will use an overdot to denote a derivative with respect to the comoving time t. The
scalar field equations of motion can be written in several equivalent ways, depending on the
variables used. In terms of the scalar field speed X = φ˙2/2, the equation of motion takes
the form
φ˙ = −
√
2X ; (12)
X˙ = −2XH
[
3− ∂p
∂φ
1
HΠ
+
p˙X
HpX
]
, (13)
where we have used the notation pX = ∂p/∂X , and Π is the conjugate momentum:
Π ≡ ∂p
∂φ˙
= φ˙
∂p
∂X
= −
√
2X
∂p
∂X
. (14)
3 See [25] for a useful discussion of the types of non-Gaussianities.
6In defining Π it is assumed that φ˙ < 0, which is the typical case we will consider below
(although it is obvious how to relax this condition). In terms of the energy density we have
ρ˙ = −3H(ρ+ p) = −6HX ∂p
∂X
. (15)
We can also write the equation of motion in terms of the conjugate momentum:
Π˙ = −3HΠ+ ∂p
∂φ
. (16)
The equations of motion take equivalent forms in terms of derivatives with respect to the
number of e-folds Ne =
∫ t
Hdt˜, which we denote by a prime, i.e. ′ ≡ d/dNe = H−1d/dt
(where we are using the convention that the number of e-folds is measured from the start of
inflation):
X ′ = −2Xc2s
[
3− ∂p
∂φ
1
HΠ
+
2X
HΠ
∂2p
∂φ∂X
]
; (17)
Π′ = −3
[
Π− ∂p
∂φ
1
3H
]
; (18)
ρ′ = −3(ρ+ p) . (19)
From (10) we see that for the universe to be expanding exponentially, H must be approx-
imately constant, which in turn requires the smallness of the parameter ǫ:
ǫ ≡ − H˙
H2
= − d
dNe
logH ≪ 1 . (20)
Using the equation of motion (15) we can rewrite ǫ as
ǫ = −1
2
ρ˙
Hρ
= 3
X
ρ
∂p
∂X
. (21)
It is not sufficient that ǫ be small; in order for inflation to last long enough, we also need
the time variation of ǫ to be small over several e-foldings, i.e.
d
dNe
log ǫ =
ǫ˙
Hǫ
≪ 1 . (22)
Using (21) and ρ˙ = −3H√2XΠ, we can rewrite this as
ǫ˙
Hǫ
=
ρ¨
Hρ˙
− H˙
H2
− ρ˙
Hρ
= 4ǫ−
(
ǫ− X˙
2HX
)
−
(
ǫ− Π˙
HΠ
)
≡ 4ǫ− ηX − ηΠ ≪ 1, (23)
where we have defined for later convenience
ηX ≡ ǫ− X˙
2HX
= ǫ− 1
2
d
dNe
logX ; (24)
ηΠ ≡ ǫ− Π˙
HΠ
= ǫ− d
dNe
log Π . (25)
7FIG. 1: The inflationary solutions Πinf (φ) define a trajectory in (φ,Π) phase space. This trajectory
is an attractor in phase space, attracting nearby trajectories.
The smallness of the time-variation of ǫ is commonly denoted as η ≡ ǫ˙/(Hǫ), as in [20].
In order for ǫ to be small for a long time, we require not only that ǫ ≪ 1 but also that
the condition |η| = |ǫ˙|/(Hǫ) ∼ |ηX + ηΠ| ≪ 1 be satisfied. In this paper we will consider
inflationary solutions where |ηX |, |ηΠ| ≪ 1 individually.4 As we will see shortly, when this
occurs the noncanonical inflationary solutions are simple generalizations of the usual slow-
roll inflationary solutions.
With the definitions (20,24,25) in hand, we can invert the equations of motion (13,15,16)
to find the general noncanonical inflationary solutions when the inflationary parameters are
small (ǫ, |ηX |, |ηΠ| ≪ 1):
pinf = −ρinf
(
1− 2
3
ǫ
)
≈ −ρinf ; (26)
Πinf(φ) =
∂p
∂φ
1
3H
(
1 +
ǫ− ηΠ
3
)−1
≈ ∂p
∂φ
1
3H
. (27)
The expression for Π can either be obtained directly from the equation of motion in the
Π variable (16) or from the equation of motion in the X variable (13) after using the
identity p′X/pX = ηΠ−ηX , which is easily derived from the relation pX = −Π/
√
2X and the
definitions of ηX , ηΠ above.
The expression (27) defines a trajectory Πinf(φ) [alternatively Xinf(φ)] in (φ,Π) phase
space as shown in Figure 1, which is the inflationary trajectory as long as the inflationary
parameters (ǫ, ηX , ηΠ) are small. As we will see shortly, this trajectory is also an attractor
and so nearby trajectories are attracted towards it. The inflationary parameters ǫ, ηX , ηΠ
4 In general, one could also have |η| ≪ 1 through ηX ∼ −ηΠ. For a separable Lagrangian p(X,φ) =
q(X) − V (φ) this implies c2s = −1. However in the more general case when there is mixed X and φ
dependence, we can satisfy this condition with an unconstrained sound speed.
8can be evaluated on the inflationary trajectory as simple functions of φ,
ǫ(φ) = 3
Xinf(φ)
ρ(Xinf (φ), φ)
(
∂p
∂X
)
X=Xinf (φ)
; (28)
ηΠ(φ) = ǫ− Π˙inf(φ)
H(Xinf(φ), φ)Πinf(φ)
= ǫ+
2Xinf(φ)
H(Xinf(φ), φ)
d
dφ
Πinf (φ)
Πinf (φ)
; (29)
ηX(φ) = ǫ− X˙inf(φ)
2H(Xinf(φ), φ)Xinf(φ)
= ǫ+
√
2Xinf(φ)
2H(Xinf(φ), φ)
∂φXinf(φ)
Xinf (φ)
. (30)
As we will show in Section VI, these reduce in the canonical limit to the usual slow-roll
parameters: ǫ→M2p/2(V ′/V )2 and ηX , ηΠ → M2pV ′′/V .
Let us comment on the behavior of these solutions under a local field redefinition φ = g(χ).
Certainly, such a field redefinition leaves physical observables such as the energy density ρ
and inflationary parameters ǫ, η, κ, cs invariant. In addition, the equation of motion (16) is
invariant under such a field redefinition after the appropriate redefinition of the conjugate
momentum. However, the secondary inflationary parameters ηX , ηΠ are clearly not invariant
under this field redefinition, transforming as
ηX → ηX − g
′′χ˙
g′H
; (31)
ηΠ → ηΠ + g
′′χ˙
g′H
, (32)
so that only their sum ηX + ηΠ is invariant. The noninvariance of ηX and ηΠ under field
redefinitions does not lead to any physical inconsistencies though, since ηX and ηΠ are not
individually observable: only their sum is through the invariant combination η (23). A
similar noninvariance of the generalized inflationary flow parameters was found in [22].
Our results, which use the smallness of ηX and ηΠ individually, should thus be interpreted
as being true in a fixed field parametrization only, not for arbitrary parametrizations. In
particular, take a fixed field parametrization φ in which ǫ, ηΠ are small, so that (27) is the
inflationary solution in that parametrization. Substituting a field redefinition φ = g(χ) into
this inflationary solution Πφinf =
∂p
∂φ
1
3H
∣∣
φ=g(χ)
is certainly still an inflationary solution in the
new χ variable. But this can differ in general5 from (27) in the χ variable precisely because
ηχΠ can be made large after a field redefinition so that the approximation
Πχ =
1
3H
∂p
∂χ
(
1 +
ǫ− ηχΠ
3
)−1
≈ 1
3H
∂p
∂χ
cannot be made for the χ parametrization. Instead, the inflationary solution in the χ
parametrization, where ηX and ηΠ are large, will look very nontrivial from the point of view
of the equations of motion for χ.
We emphasize that this field-parametrization dependence of the inflationary solution is
not troubling; instead, it just indicates the fact that it is simpler to find the inflationary
solution for some field parametrizations than others. We are free to make a judicious choice of
5 Note that ∂p∂φ
∣∣∣
φ=g(χ)
6= ∂p∂χ because of additional terms picked up through the partial derivative chain rule.
9variable to make the behavior of the system easier to study. Viewing this from another angle,
if for some particular field parametrization we have ǫ and η small, so that ηX + ηΠ is small,
then there exists a field redefinition such that for the new field both ηX and ηΠ are small
individually. In this new preferred parametrization, the simple inflationary solution (27)
applies; thus the inflationary solution is easily found, and can easily be transformed back to
the original field definition if desired. We will work with this preferred field parametrization
from now on without any loss of generality.
III. NONCANONICAL INFLATIONARY ATTRACTORS
In terms of their general structure, the equations of motion for the scalar field take the
form of a pair of first order equations (where here again a prime denotes a derivative with
respect to the number of e-folds, i.e. ′ = d/dNe):
φ′ = −g(φ, y);
y′ = −f(φ, y), (33)
where y is some momentum variable and f, g are functions of φ and y determined by the
equations of motion. For example, for y = Π we have
φ′ = −g(φ,Π);
Π′ = −3
[
Π− ∂p
∂φ
1
3H
]
, (34)
where g(φ,Π) is found by inverting the definition of Π (14) (in the case where y = X , the
equation of motion is similar). Differential equations of this type are called autonomous
equations and can have a number of interesting properties, including fixed points and at-
tractor trajectories. For example, for a system of equations like (33) with f(φ, y) = y − y∗,
where y∗ is a constant, the trajectory y = y∗ is a late-time attractor trajectory, with all
trajectories approaching y = y∗ at late times, as in the left-hand plot of Figure 2. On the
other hand, a system with f(φ, y) = (y − y∗)(φ − φ∗) for some constant φ∗ has a localized
attractor at y = y∗ as long as φ > φ∗, but the attractor becomes a repulsor at φ < φ∗, as
in the right-hand plot of Figure 2. The term “localized” reflects the fact that the attractor
only exists for some finite region of phase space φ > φ∗; for φ < φ∗ the attractor becomes a
repulsor.
Attractor trajectories of the system of equations (33) are solutions yatt(t) such that de-
viations from this trajectory are driven to zero over time, i.e.
y = yatt(t) (1 + δy(t)) with δy(t)→ 0 . (35)
More precisely, plugging (35) into (33), we obtain an equation for the time variation of the
deviation:
δy′
δy
= −
[
f(φ, yatt(1 + δy))− f(φ, yatt)
yattδy
+
y′att
yatt
]
(36)
≈ −
[
∂
∂y
f(φ, y)
∣∣∣∣
φ=fixed,y=yatt
+
y′att
yatt
]
, (37)
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FIG. 2: Left: The phase space for the system (33) with f(φ, y) = y− y∗ exhibits a global attractor
at y = y∗. Right: The phase space for f(φ, y) = (y−y∗)(φ−φ∗) shows the existence of an attractor
for φ > φ∗ at y = y∗, but this turns into a repulsor for φ < φ∗, making it a localized attractor.
where in the last line we linearized with respect to δy. When δy′/δy = −β < 0, deviations
are driven to zero exponentially fast at a rate δy ∼ δy(0)e−βNe. From the examples above,
we see that δy′/δy = −1 for the global attractor so that perturbations always decay. For
the localized attractor, δy′/δy = −(φ−φ∗) so that perturbations decay for φ > φ∗ and grow
for φ < φ∗, in agreement with our expectations for the existence of attractors and repulsors
in the discussion above.
Before we show that inflationary solutions are attractor solutions in general, let us show
that inflation with a canonical scalar field p(X, φ) = X −V (φ), for which Π = −√2X , is an
attractor in phase space. The autonomous equations become φ′ = Π/H ; Π′ = −3Π+∂φV/H .
Consider perturbations about the canonical inflationary solution
Πcanonical = Πinf,canon(1 + δΠcanonical) . (38)
To determine if canonical inflation is an attractor in phase space, we evaluate the equation
of motion (37) for (linearized) perturbations δΠ:
δΠ′
δΠ
∣∣∣∣
canonical
= − [3 + 2ǫSR − ηSR] , (39)
where ǫSR and ηSR are the usual slow-roll parameters. When ǫSR, |ηSR| ≪ 1, perturbations
about the inflationary solution decay as δΠcanonical ∼ e−3Ne (similar results are found using
the Hamilton-Jacobi formalism [21]). Thus, canonical inflation is an attractor in (homoge-
neous) phase space.
Note that we have not made any assumption regarding whether we have small- or large-
field inflation - the attractor behavior holds for all types of canonical inflationary models.
This is in agreement with earlier investigations of the homogeneous initial conditions phase
space for chaotic inflation [28] in [29–35] and new inflation [36, 37] in [34, 38]. Note that
while all models of inflation are attractors for the case of homogeneous initial conditions, this
does not imply that all models are attractors in the case of inhomogeneous initial conditions.
This is true more generally for any noncanonical inflationary model.6 Consider an arbi-
6 For arguments on the existence of attractors restricted to the case when the Lagrangian contains only
11
trary perturbation about the noncanonical inflationary solution (27):
Π = Πinf (1 + δΠ) . (40)
As before, we will evaluate the equation of motion (37) for linearized perturbations δΠ to
determine if noncanonical inflation is an attractor. In order to evaluate the partial derivative
in (37) we will use the definition of Π to write
∂
∂Π
∣∣∣∣
φ=fixed
=
−c2s
√
2X
∂p
∂X
∂
∂X
∣∣∣∣
φ=fixed
.
Taking the partial derivative of f(φ,Π) = 3
[
Π− ∂p
∂φ
1
3H
]
then leads to the expression (lin-
earized in δΠ)
δΠ′
δΠ
= −3
[
1 + c2s
√
2X
3H
∂2p/∂X∂φ
∂p/∂X
− ∂p
∂φ
√
2X
6ρH
+
Π′inf
3Πinf
]
inf
. (41)
Evaluting this on the inflationary solution leads to a number of simplifications, particularly
after using the definitions of the inflationary solution (27), ηΠ (25), and ǫ (20) and noticing
that √
2X
H
∂2p/∂X∂φ
∂p/∂X
= ηΠ − ǫ+ ǫ− ηX
c2s
. (42)
We soon obtain
δΠ′
δΠ
= −3
[
1 +
1
3
(ηΠ − ǫ)c2s +
1
3
(ǫ− ηX) + ǫ
3
+
ǫ− ηΠ
3
]
≈ −3 +O(ǫ, ηX , ηΠ) . (43)
As in the canonical case, we see that when the inflationary parameters ǫ, ηX , ηΠ are small,
then perturbations decay7 as δΠ ∼ e−3Ne . Thus, we see that the noncanonical inflationary
trajectories are localized attractor trajectories for linearized perturbations. The attractor is
localized in the sense described above, i.e. once the inflationary parameters are no longer
small the trajectory ceases to be an attractor trajectory and thus does not necessarily con-
tinue indefinitely into the future but only exists in some finite region of phase space. In
Appendix A we rederive this result in the Hamilton-Jacobi formalism for all noncanonical
inflationary models, generalizing the result of [21].
The derivation above only shows that noncanonical inflation is an attractor for linearized
perturbations. More generally however, we have for all δΠ,
δΠ′
δΠ
= −

3Πinf(1 + δΠ)−
∂p
∂φ
1
3H
∣∣∣
Π=Πinf (1+δΠ)
− 3Πinf + ∂p∂φ 13H
∣∣∣
Π=Πinf
ΠinfδΠ
+ ǫ− ηΠ

 . (44)
kinetic terms, see [39]; here we make no assumptions about the form of the Lagrangian, so our derivation
will be completely general. Further, our analysis will not require the existence of an asymptotic φ → ∞
inflationary attractor, as was needed in [39].
7 In principle, if the inflationary parameters are such that the right hand side of (43) is negative then
attractive behavior may still occur, even if the inflationary parameters are large. This deserves further
investigation.
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For large deviations from the inflationary solution, i.e. for δΠ ≫ 1, the Hubble friction
dominates over the driving force (proportional to ∂p/∂φ), so we have
δΠ′
δΠ
≈ − [3 + ǫ− ηΠ] +O
(
1
δΠ
)
. (45)
Thus, we see that when ǫ, |ηΠ| ≪ 1, even trajectories with arbitrarily large momentum decay
as δΠ ∼ e−3Ne and are attracted to the inflationary attractor - inflation is a (localized)
attractor of all phase space. This result is independent of the form of the kinetic term as
long as ∂p
∂φ
H−1 does not scale faster than linearly in Π at large Π.
This does not mean that all initial conditions with arbitrarily large momentum will nec-
essarily reach the vicinity of the inflationary attractor in the localized region in which it
exists. Even though (45) implies that large momentum decays exponentially with e-folds,
the Friedmann equation is dominated by kinetic energy for large momentum. The number
of e-folds elapsed in the large momentum region will thus be small, so δΠ may not decrease
by a significant amount. This distinction is particularly important for understanding the
amount of fine-tuning of homogeneous initial conditions necessary for inflation, often called
the overshoot problem [40]. Some investigation of the overshoot problem for DBI inflation-
ary models has been done [41, 42]. We plan to return to this question in the context of
noncanonical inflationary models in the future [43].
IV. CONDITIONS FOR NONCANONICAL INFLATION
The previous sections did not explicitly depend on the specific form of the scalar field
Lagrangian p(X, φ), as long as it leads to noncanonical inflation. Unfortunately, only a few
isolated examples of Lagrangians that support noncanonical inflation exist in the literature,
namely DBI inflation [8] and k-inflation [18],
p(X, φ)DBI = − 1
f(φ)
[√
1− 2f(φ)X − 1
]
− V (φ); (46)
p(X, φ)k−infl = f(φ)
(
−X + X
2
Λ4
)
. (47)
We would like to have a broader understanding of what properties noncanonical Lagrangians
should have in order to support noncanonical inflation, and to be able to write down a large
class of known examples that lead to noncanonical inflation.
We should first consider constraints on the Lagrangian such that it makes sense as a
field theory. As noted in [22], we want any Lagrangian to satisfy the null-energy condition
ρ + p = 2X ∂p
∂X
≥ 0; violation of this condition for a scalar field can lead to a number
of undesirable properties in the four-dimensional effective theory, including superluminal
propagation and ghost states. In addition, we want the speed of scalar perturbations to be
physical (i.e. real and subluminal) in order to avoid potential problems with acausality and
UV obstructions [44] (see also [45] for further discussion). This corresponds to a bound,
0 < c2s ≤ 1, on the speed of sound
c2s =
(
1 + 2
X∂2p/∂X2
∂p/∂X
)−1
,
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which leads to the conditions
∂p
∂X
≥ 0 Null Energy Condition;
∂2p
∂X2
> 0 Physical Propagation of Perturbations .
For any particular Lagrangian, one must check to see if these conditions are satisfied. It may
be possible that the violation of one or both of these conditions can be confined to some
region of phase space that is inaccessible as long as one starts initially in the physical region
of phase space, such as when the boundary between the physical and unphysical regions
is an attractor (see Figure 3 of [18]); this seems to be the case with the types of models
proposed in [18]. We will include an analysis of the attractor trajectories of these types of
k-inflation models in Appendix (B) for completeness.
We are primarily interested in models where both the potential and noncanonical kinetic
energies play important and necessary roles in inflation (excluding models of the type (47)).
Sometimes, as in the case of DBI inflation or the tachyon effective action, the specific form
of the Lagrangian p(X, φ) is known to all orders in X and can be written in closed form.
More generally, the Lagrangian is a series expansion in powers of X ,
p(X, φ) = X + c2(φ)
X2
Λ4
+ c3(φ)
X3
Λ8
+ ...− V (φ),
where the coefficients ci(φ) are unknown and difficult to calculate exactly, although some
generic properties like the existence of a nonzero radius of convergence may be known. We
will thus separate our discussion of the sufficient conditions for building a successful higher-
derivative noncanonical inflationary solution into two parts, those Lagrangians which have
a closed form and those which have a series representation. In order to have a uniform
normalization of the scalar field, we will always take the linear term in the series expansion
of p(X, φ) to have unit coefficient in the small X limit, i.e. we will always have in mind
Lagrangians that reduce to
p(X, φ) ≈ X − V (φ) (49)
at small X .
Before continuing further with the analysis, we will summarize our results below. For
simplicity, assume that the Lagrangian can be written in the separable form
p(X, φ) = Λ4q
(
X
Λ4
)
− V (φ) , (50)
where q(x) is a function that can be either a known closed-form or some power-series rep-
resentation. This is certainly a restriction from all possible forms of the Lagrangian since it
does not allow φ dependence in the kinetic term, but it will turn out to be a useful simplify-
ing ansatz to work with. We will discuss the conditions a nonseparable ansatz should satisfy
in the text. A useful set of quantities for describing the potential V (φ) are the “slow-roll”
parameters,
ǫSR =
M2p
2
(
V ′
V
)2
; (51)
ηSR = M
2
p
V ′′
V
. (52)
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When the potential is flat so that ǫSR, |ηSR| ≪ 1, we will expect to recover canonical inflation
where the generalised inflationary parameters are identical to the slow-roll parameters, i.e.
ǫ → ǫSR, ηX , ηΠ → ηSR. Noncanonical inflation will occur when the slow-roll parameters
are large, in which case the inflationary parameters will be different from the slow-roll
parameters. Nevertheless, we will still find it useful to parameterize quantities in terms of
the slow-roll parameters, as a measure of how far the potential deviates from the slow-roll
regime.
As we will see, noncanonical inflationary solutions will depend on the dimensionless vari-
able
A ≡ V
′
3H
1
Λ2
=
(
2
3
ǫSR
V
Λ4
)1/2
, (53)
where we used the assumption that the potential energy will dominate the energy density
during inflation. When A≪ 1, such as when the potential is very flat and ǫSR ≪ 1, inflation
will be canonical. When A≫ 1, such as when the potential is not flat and ǫSR ≥ 1, inflation
will be noncanonical; in particular, the inflationary parameters will be suppressed compared
to the usual slow-roll results:
A≫ 1⇒


ǫ ≈ ǫSR
Am
ηX ≈ ǫSRAm ,
ηΠ ≈ ηSRAm
(54)
where m is some number in the range 0 < m ≤ 1 which depends on the details of the
Lagrangian. For the inflationary parameters to really be suppressed compared to the stan-
dard slow-roll parameters when ǫSR ≥ 1, we need the potential to be large in units of the
effective-field-theory scale;8 V/Λ4 ≫ 1.
Altogether, for a Lagrangian of the form (50) written as a power series
p(X, φ) =
∑
n≥0
cn
Xn+1
Λ4n
− V (φ) (55)
with a nonzero radius of convergence X = R, the requirements for noncanonical inflation to
be supported within the radius of convergence are:
• Large “noncanonical-ness” parameter A: A≫ 1.
• Large potential in units of the effective field theory scale: V
Λ4
≫ 1.
• The derivative of the power series, ∂p
∂X
, must diverge at the radius of convergence.
The details of the power series, such as its detailed coefficients, are only important for
determining whether the derivative of the series diverges at the radius of convergence.
For a closed-form Lagrangian of the form (50) to support noncanonical inflation we will
find it must satisfy the following properties:
8 Strictly speaking, we need V/Λ4 > ǫ
2/m−1
SR . Note also that having V/Λ
4 large does not violate the
consistency of the effective field theory treatment; as discussed in Section V the effective field theory
breaks down at H ∼ Λ, which corresponds to a parametrically higher scale for V than is required to get
noncanonical inflation.
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• Large “noncanonical-ness” parameter: A≫ 1.
• Large potential in units of the effective field theory scale: V
Λ4
≫ 1.
• Positively curved kinetic term: ∂2q
∂X2
> 0.
Any Lagrangian that satisfies these properties will support noncanonical inflation. Notice
that the first two properties only depend on the details of the shape and size of the poten-
tial, while the last property, the positively curved kinetic term, is already required by our
constraint that the scalar perturbations propagate at a real and subluminal speed.
Let us now examine these cases in more detail.
A. Series-Form Lagrangians
Typically, one does not have a closed-form expression for the kinetic term of the La-
grangian as some nontrivial function of X . Instead, such terms are expected to arise from
an effective-field-theory framework in which some massive degrees of freedom are integrated
out. In particular, recall the Lagrangian, discussed in the Introduction, which contains a
light field φ and a heavy field ρ, and no terms with higher powers of derivatives. For energy
scales smaller than the mass of the ρ field, i.e. at E ≪ M , ρ can be integrated out to obtain
an effective low-energy Lagrangian with higher-dimensional kinetic terms.
In general we expect from effective field theory that our noncanonical Lagrangian will
have the form of a power series:
p(X, φ) =
∑
n≥0
cn(φ)
Xn+1
Λ4n
− V (φ) = Λ4S(X, φ)− V (φ) . (56)
The kinetic term series is defined to be S(X, φ) =
∑
cn(φ)(X/Λ
4)n+1 for convenience. To
preserve the normalization of the scalar field we will take the coefficient of the linear term
in the series to be c0 = 1. This power-series form of the Lagrangian only makes sense if the
series S(X, φ) has a nonzero radius of convergence,
R ≡ lim
n→∞
∣∣∣∣ cncn+1
∣∣∣∣ , (57)
so that the series converges in the domain of convergence X/Λ4 ∈ [0, R). We have in mind
that R ≤ 1; this can always be obtained by a rescaling of Λ. It is not necessary that the
series itself converge or diverge at the boundary. Inflationary solutions for the Lagrangian
(56) are solutions to the equation (27), which takes the form√
2
X
Λ4
∑
n≥0
(n+ 1)cn
(
X
Λ4
)n
= A−
∑
n≥0
∆ncn
(
X
Λ4
)n+1
, (58)
where
∆n(φ) ≡ c
′
n
cn
Λ2
3H
. (59)
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The A and ∆n parameters keep track of whether the dominant φ dependence is in the
potential or kinetic terms of the Lagrangian.
Let us consider the limit that the coefficients cn do not have strong φ dependence, i.e.
∆n ≪ 1, so that the second term on the right-hand side of (58) is negligible. Noncanonical
inflation occurs, then, when there are solutions X = Xinf(A) to√
2
(
X
Λ4
)
∂XS = A(φ) (60)
for A≫ 1. The derivative of a series ∂XS has the same radius of convergence as the original
series, so (60) makes sense.
The parameter that controls the nature of the inflationary solutions in (60) is A: when
A ≪ 1 only the leading order term in the sum coming from the canonical kinetic term in
S(X, φ) contributes, and the inflationary solution reduces to the canonical slow-roll limit
with ǫ → ǫSR ≪ 1. When A ≫ 1, such as when the potential is no longer flat, the higher-
order terms in the sum are important and inflationary solutions become noncanonical.
Noncanonical inflationary solutions exist for a series S(X, φ) only if (60) can be solved
for an arbitrary A ∈ [0,∞). If the radius of convergence R is finite, then the derivative of
the series ∂XS must diverge at X/Λ
4 = R in order for solutions to exist.9 To see this, note
that if the series ∂XS did not diverge at X/Λ
4 = R, but instead converged to some fixed
value, then there exists a maximum value the left-hand side of (60) can take; but then the
solution cannot be solved for any A greater than this maximum. Thus the series on the
left-hand side must diverge at X/Λ4 = R, such that for A≫ 1 we have Xinf/Λ4 ≈ R.
For a power series S(X, φ) that has a finite radius of convergence and a derivative ∂XS
that diverges at R we have Xinf ≈ Λ4A2/2 for A ≪ 1 and Xinf ≈ Λ4R for A ≫ 1. The
inflationary parameters become
ǫ = 3
Xinf
∂p
∂X
|inf
ρinf
=
3√
2
X
1/2
infΠinf
ρinf
=
ǫSR
A
(
2
Xinf
Λ4
)1/2
=
{
ǫSR A≪ 1
ǫSR
A
√
2R A≫ 1 ; (61)
ηX = ǫ+
√
2Xinf
2H
∂φ logXinf =
{
ηSR A≪ 1√
2R ǫSR
A
+O(ηSR
A3
) A≫ 1 ; (62)
ηΠ =
√
2Xinf
H
(
∂2p/∂φ2
∂p/∂φ
)
=
{
ηSR A≪ 1√
2R ηSR
A
A≫ 1 , (63)
where we used the fact that the inflationary solution has Πinf = Λ
2A. Thus, we see that
any series that has coefficients with ∆n ≪ 1, a finite radius of convergence, and a derivative
with respect to X that diverges at this radius of convergence supports noncanonical inflation,
irrespective of the rest of the details of the power-series coefficients.
9 Note that this does not actually require the original series itself to diverge atX/Λ4 = R, only its derivative:
even though the series and its derivative have the same radius of convergence, they may converge or diverge
separately at the boundary. An example is the series expansion of
√
1−X/Λ4; this series converges at
the boundary R = 1, but the derivative of the series does not.
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As an example, the DBI Lagrangian (with constant warp factor f = Λ−4)
p(X, φ) = Λ4
[√
1− 2X
Λ4
− 1
]
− V (φ) (64)
has a series expansion with a radius of convergence R = 1/2. The series itself converges at
X/Λ4 = R, but the derivative of the series diverges at X/Λ4 = R. Comparing the results
for the inflationary parameters (61-63) with R = 1/2 to the results derived later for the DBI
action (119-121) in the large A limit, we see that they agree perfectly.
B. Closed-Form Lagrangians
Inflationary solutions for Lagrangians of the form (50) are found by solving (27) for the
inflationary solution, which takes the form√
2
X
Λ4
Λ4
∂q
∂X
= A . (65)
The inflationary parameter also takes the general form
ǫ = 3
Xinf
ρinf
Λ4
∂q
∂X
=
3
2
√
2Xinf
Λ4
Λ4
V
A =
ǫSR
A
√
2Xinf(A)
Λ4
. (66)
As long as the solution to (65) for Xinf/Λ
4 scales slower than Xinf/Λ
4 ∼ A2 at large A
then we will have suppression of the inflationary parameter by powers of A compared to the
slow-roll result. This happens when ∂Xq grows for increasing X , namely when the second
derivative of q(X) is positive, i.e. qXX =
∂2q
∂X2
> 0. If qXX is zero, as in the canonical case,
then we get no extra suppression from A in the inflationary parameter, as we would expect,
while if qXX is negative then solutions cannot, in general, be found for all A. The larger
the second derivative qXX , the greater the suppression of the standard slow-roll inflationary
parameter ǫSR by A. It is interesting that the condition qXX > 0 is already imposed by
requiring that the perturbations be physical, so this does not actually result in any further
restrictions on the Lagrangian.
Let us examine some examples of noncanonical Lagrangians, and show that they lead to
the behavior discussed above. From the existence of noncanonical inflationary solutions for
DBI inflation (47) [8], it is tempting to infer that the existence of a speed limit is a crucial
feature for the existence of noncanonical inflationary solutions. The argument would be that
for steep potentials the speed limit keeps the inflaton from moving too fast, thus keeping it
in “slow roll”. However, this heuristic explanation of noncanonical inflation in terms of a
speed limit is not correct. To illustrate this, consider the following “powerlike” Lagrangian:
p(X, φ) = Λ4
[(
1 +
2
3
X
Λ4
)3/2
− 1
]
− V (φ) . (67)
This Lagrangian satisfies the physicality constraints, in that ∂Xp, ∂
2
Xp > 0 for all values of
X . For X/Λ4 ≪ 1, this Lagrangian has a canonical kinetic term plus corrections, but for
X/Λ4 ≫ 1 it takes the form of a power of X , p(X, φ) ∼ Λ4(X/Λ4)3/2 − V . This Lagrangian
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does not imply a speed limit: X can formally take any value X ∈ [0,∞). The noncanonical
inflationary solution can easily be found for all values of A;
Xinf =
3
4
Λ4
[√
1 +
4
3
A2 − 1
]
. (68)
The inflationary parameter ǫ in terms of the canonical slow-roll parameter ǫSR is
ǫ =
3
23/2
ǫSR
A2
(√
1 +
4
3
A2 − 1
)(
1 +
√
1 +
4
3
A2
)1/2
≈
{
ǫSR A≪ 1
31/4 ǫSR
A1/2
A≫ 1 . . (69)
Notice that in the large A limit we obtain a suppression of the inflationary parameter relative
to the usual canonical slow-roll inflationary parameter; this implies that inflation can occur
even for a steep potential, e.g. when ǫSR ∼ O(1) and V ≫ Λ4. Similar suppressions by
powers of A1/2 exist for the other inflationary parameters in the large A limit (the small A
limit gives just the usual slow-roll results for these parameters):
ηX ≈ 3
1/4
2
ǫSR + ηSR
A1/2
, ηΠ ≈ 31/4 ηSR
A1/2
. (70)
No speed limit is present or necessary for this suppression. We examine this particular exam-
ple with an explicit potential in more detail in Section VI, demonstrating that noncanonical
inflationary solutions do in fact exist.
It is straightforward to generalize this to an entire class of powerlike Lagrangians which
do not contain a speed limit but can give rise to noncanonical inflation:
p(X, φ) = Λ4
[(
1 +
1
n
X
Λ4
)n
− 1
]
− V (φ); (71)
ǫ ∼ ǫSR
A(2n−2)/(2n−1)
, for A≫ 1 , n > 1, (72)
with similar expressions for the ηX,Π inflationary parameters. The requirement that n > 1 is
to ensure that we satisfy the null-energy condition and physical propagation of perturbations
(although it turns out that n < 1 would not lead to a successful noncanonical inflationary
model anyway). The n→∞ limit of (71) takes an exponential form
p(X, φ) = Λ4
(∑
n≥0
1
n!
(
X
Λ4
)n
− 1
)
− V (φ) = Λ4
(
eX/Λ
4 − 1
)
− V (φ) . (73)
Inflationary solutions are found by solving
2
Xinf
Λ4
e2Xinf /Λ
4
= A2 . (74)
The solutions scale as Xinf/Λ
4 ∼ logA for A≫ 1, so the inflationary parameter
ǫ ∼ ǫSR (logA)
1/2
A
(75)
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is again suppressed at large A compared to the usual slow roll value. At this point, we see
that an infinite number of possible Lagrangians present themselves to our study, namely
any function q(X) with first and second derivative always positive, so the reader can easily
insert their favorite functional form satisfying the physicality conditions.
It is worth noting that some closed-form Lagrangians may only have noncanonical infla-
tionary solutions outside the regime where their power series expansion is valid. In particular,
for the powerlike class of Lagrangians, the power series in X of ∂Xp all converge in their re-
spective domains of convergence, X/Λ4 ∈ [0, n], including the boundary. Since we saw in the
previous subsection that the derivative of the power series must diverge at the boundary in
order to support noncanonical inflationary solutions, we expect that the power series in this
case will not lead to noncanonical inflation. Indeed, we find that the powerlike Lagrangians
support noncanonical inflation for X/Λ4 ≫ n, far outside the regime of validity for a power
series expansion. It is indeed questionable, then, whether this Lagrangian can be trusted
as an effective theory, since it is now no longer a perturbative expansion. We would like to
leave this important physical question for future analysis, since our original purpose is to
uncover the conditions a Lagrangian must have in order to support noncanonical inflation,
not whether such an Lagrangian can or cannot be realized as an explicit effective theory.
On the contrary, the Lagrangian
p(X, φ) = Λ4
[
1−
(
1− 2
3
X
Λ4
)3/2]
− V (φ) (76)
implies a speed limit X ≤ Xmax = 32Λ4, but violates the condition that the second derivative
of the kinetic term is positive; ∂2p < 0. Using this Lagrangian in (27), we see that inflation-
ary solutions can only exist when A <
√
3/4 ⇒ ǫSR <∼ O(1), so noncanonical inflationary
solutions (those with A≫ 1) do not exist for this set of Lagrangians. Again, the speed limit
is not the relevant feature of noncanonical Lagrangians that allows inflationary solutions for
steep potentials - the relevant feature is that the second derivative of the Lagrangian with
respect to X is positive.
Up to this point, we have been assuming a Lagrangian which has a separable dependence
on the scalar field φ and its speed X , and we have seen that the only requirement on the
kinetic part of the Lagrangian is that it respect the null-energy and physical speed of sound
conditions. To investigate the role of mixed φ and X dependence further, take the simple
Lagrangian
p(X, φ)HD = X +
cm(φ)
m+ 1
Xm+1
Λ4m
− V (φ) ≈ cm(φ)
m+ 1
Xm+1
Λ4m
− V (φ) (77)
for some m > 0 and cm > 0. The null-energy and physical speed of sound conditions are
satisfied for this Lagrangian for all values of X . We will mostly be interested in the large X
and large A behavior below, so we will drop the linear term in X for simplicity. Inflationary
solutions are found by solving (27) as usual, which takes the form
21/2cm
(
X
Λ4
)m+1/2
= A + cm∆HD
(
X
Λ4
)m+1
, (78)
where
∆HD ≡ − c
′
mΛ
2
3Hcm
. (79)
20
Roughly, the quantities A and ∆HD keep track of whether the dominant φ dependence is
in the potential term or the kinetic terms. In the limit ∆HD ≪ 1, the second term on the
right-hand side of (78) is subdominant and the inflationary solution is
Xinf =
Λ4
21/(2m+1)c
2/(2m+1)
m
A
2/(2m+1)
HD . (80)
The inflationary parameters become
ǫ = ǫSR
(
2
A2
)m/(2m+1)
(cm)
−1/(2m+1) m≫1→
√
2
ǫSR
A
; (81)
ηX = ǫ
(
1− cm
2m+ 1
)
+
(
2
A2
)m/(2m+1)
ηSR
(2m+ 1)c
1/(2m+1)
m
m≫1→ ǫ; (82)
ηΠ =
2m/(2m+1)
c
1/(2m+1)
m
ηSR
A2m/(2m+1)
m≫1→
√
2
ηSR
A
; (83)
c2s =
1
1 + 2m
, (84)
as expected from the discussion above.
Now let us consider the other limit of (78), when the coefficients of the powers ofX have a
strong dependence on φ compared to the potential, A≪ ∆HD. In this case, the inflationary
solutions take the form
Xinf(φ) = 2
Λ4
∆2HD
. (85)
The inflationary parameters are found to be
ǫ = 3× 2m+1Λ
4
V
cm
∆
2(m+1)
HD
; (86)
ηΠ =
2Λ2
V 1/2∆HD
√
3Mpc
′′
m
c′m
; (87)
ηX = ǫHD −
√
2X
H
∆′HD
∆HD
= ǫ− ηΠ + 3 . (88)
The difficulty with constructing an inflationary solution in this regime is due to the fact that
ηX is generically large; thus, if an inflationary solution exists, it does not last for more than
a few e-folds. Interesting inflationary solutions due to higher-dimensional kinetic operators
are instead found in the regime ∆HD ≪ 1 where there is not a strong φ dependence on the
powers of the kinetic terms.
V. CONSISTENCY OF SOLUTIONS
We have been explicitly working with an effective-field-theory picture of inflation where
certain higher-dimensional operators become important, so it is important to perform a
number of checks to determine if our noncanonical inflationary solutions are internally con-
sistent.
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First, recall that one of the motivations for considering noncanonical Lagrangians is that
we generally expect inflation to be an EFT which has contributions from higher-dimensional
operators suppressed by powers of the UV cutoff Λ:
p(X, φ) =
∑
n≥0
cn
Xn+1
Λ4n
− V (φ).
However, new physics at the scale Λ should, in general, induce additional higher-
dimensional operators in the EFT, such as higher powers of the curvature or its derivatives,
e.g. R2/Λ2, (∇R)2/Λ4, or higher powers of derivatives of the scalar field, e.g. φ ∂nφ/Λn−2. It
would be inconsistent, or at least rather contrived, if only the higher-dimensional operators
which are powers of X appeared in the EFT, so we should check whether these additional
operators are also important.
Let us first consider the higher-dimensional curvature operators. On an inflationary
background the curvature is the Hubble scale, so the higher-dimensional curvature operators
are of the order
{higher dimensional curvature operators} ∼ O
((
H
Λ
)n−4
εm
)
, (89)
where n is the dimension of the operator and m is the number of derivatives in the operator.
The quantity εm represents an mth order term in the inflationary parameters, which could
be the mth product of the inflationary parameter ǫ or a combination of time derivatives
of the inflationary parameters, otherwise known as the gauge-invariant inflationary flow
parameters (see [22]) generalized as
η
(i)
X =
di
dN i
ηX ; (90)
η
(i)
Π =
di
dN i
ηΠ . (91)
As discussed in [22], the inflationary parameters ǫ, η
(i)
X and η
(i)
Π must all be small during
inflation. Thus we see that the higher-dimensional operators from curvature terms are
subdominant during inflation as long as H < Λ.
The condition that the Hubble rate be small compared to the UV cutoff of the EFT has
import for another physical effect related to the validity of our EFT. Consider again the toy
model in the Introduction – a theory of two scalar fields φ and ρ, with the mass M of the ρ
field acting as the cutoff of the resulting low-energy EFT. We are justified in integrating out
the ρ field as long as this field does not become dynamical. However, in a quasi-de-Sitter
background quantum effects cause scalar fields to fluctuate unless the Hubble rate is smaller
than the mass of the field, H <∼ M .
To be able to trust our EFT description and our truncation of the higher-dimensional
curvature operators, we require H < Λ. An important question is whether this can be
satisfied consistently for noncanonical inflation. To check this, first note that for the types
of noncanonical inflation we are largely considering here, it is the scalar field potential energy
that drives inflation, so ρ ≈ V up to corrections of the order of the inflationary parameters.
The Hubble rate compared to Λ during noncanonical inflation is then
H
Λ
≈
(
V
Λ4
)1/2(
Λ
Mp
)
. (92)
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Recall that in order for noncanonical inflation to exist, the potential must be large in units
of the UV scale, i.e. V/Λ4 ≫ 1. Even for the rather high GUT-scale cutoff Λ ≈ 1016 GeV,
the requirement that the Hubble rate for noncanonical inflation be small compared to Λ
translates into the inequality
1≪ V
Λ4
< 104 . (93)
There does not seem to be any obstruction to building models which satisfy this constraint.
For UV cutoff scales smaller than the GUT scale, the EFT treatment of noncanonical infla-
tion should hold quite generally. Note that unlike the case of higher-dimensional operators
in the potential, Planck-suppressed operators will not be important in the regime where the
EFT is valid.
Now let us consider higher-dimensional operators containing higher powers of derivatives
of the scalar field, rewritten as terms in the Lagrangian containing higher powers of time
derivatives of X ,
L ⊃ p(X, φ) + an(φ,X) 1
Λm
dm
dtm
X + · · · ,
where the ellipsis indicates other possible terms such as products of higher derivatives.
These higher-derivative operators can be ignored on the background if they are subleading
compared to the leading kinetic dependence p(X, φ) ∼ X . To begin with, let us consider the
operator with one time derivative (m = 1) and compare it with the leading X dependence.
Using the definition of ηX , this can be written as
X˙
ΛX
= 2
H
Λ
(ǫ− ηX) .
As discussed above, H < Λ is required for the EFT treatment to be valid, so we see that
on the inflationary solution X˙/ΛX ≪ 1 and we are justified in neglecting this term. At the
next order in time derivatives,
L ⊃ X¨
Λ2
,
we can again use the definition of ηX and ηΠ to write the ratio of this term to the leading
X dependence as
X¨
Λ2X
=
(
H
Λ
)2
X¨
H2X
=
(
H
Λ
)2 d
dN
X˙
HX
=
(
H
Λ
)2 [
−2ǫ(ǫ− ηX) + 4(ǫ− ηX)2 + 2ǫ(4ǫ− ηX − ηΠ)− 2η(1)X
]
. (94)
In general, we find that terms in the Lagrangian with m time derivatives are subleading
compared to the leading X dependence by a factor
{higher derivative operators} ∼ O
((
H
Λ
)n−4
εm
)
, (95)
where again n is the dimension of the operator, m is the number of time derivatives, and
εm a term of mth order in the inflationary parameters. In models where inflation proceeds
down a smooth potential, so that the tower of inflationary flow parameters are all small,
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keeping just higher powers of X in the Lagrangian is a consistent truncation of the higher-
dimensional operators. Inflationary potentials which contain features like steps or bumps,
such as in [46–48], do not automatically satisfy these criteria and the size of these other
operators, including the curvature operators, must be checked explicitly.
Finally, let us end this section by reviewing the bounds on how noncanonical the kinetic
terms can be such that a perturbative description of inflation is still possible. The non-
canonical kinetic terms lead to couplings between the inflationary perturbations. If these
couplings are sufficiently large then a perturbative treatment of the inflationary perturba-
tions (as given in [19, 20]) is invalid. In order to remain in a perturbative regime, the sound
speed must satisfy the bound [49–51],
cs >
(
H
Mp
)2/5
1
ǫ1/5
. (96)
Alternatively, we can view the perturbations as becoming strongly coupled at the scale [49]
Λstrong ∼ (MpH)1/2 ǫ1/4c5/4s (97)
when cs ≪ 1. Demanding H < Λstrong leads to (96).
For noncanonical inflation, the sound speed cs depends on the parameter A controlling
the noncanonical nature of inflation, and so (96) can be turned into a bound on A for specific
models. For example, for DBI inflation we have cs ∼ A−1 (118), so this places an upper
bound on A for DBI inflation, A < (Mp/H)
2/5ǫ1/5, which places stringent limits on the
perturbative regime of DBI inflation. Alternatively, for the powerlike Lagrangian (67) we
have cs > 1/
√
2 for all A, so (96) does not restrict the allowed values of A at all. Instead,
we can turn this into an upper bound on the Hubble rate, H/Mp < ǫ
1/2. These bounds on
the perturbative regime of noncanonical inflation seem to favor low-scale inflation and limit
the degree of “noncanonical-ness” of inflation.
VI. EXAMPLES
In this section, we will explore the noncanonical inflationary solutions constructed above
for several popular higher-derivative Lagrangians.
Throughout this section, we will be working with Lagrangians of the form
p(X, φ) = q(X, φ)− V (φ), (98)
such that q(X, φ) ≈ X at small X (with one exception, the tachyon effective action). In
order to illustrate the noncanonical nature of the inflationary solutions, we will study the
same two potentials for each Lagrangian below, an “inflection-point” type potential and a
“Coulomb” type potential, shown in Figure 3.
V (φ)inflection = V0 + λ(φ− φ0) + β(φ− φ0)3; (99)
V (φ)coulomb = V0 − T
(φ+ φ0)n
. (100)
Both of these potentials have some basis in brane- and string-inflation model building.
Inflection-point potentials have arisen in models of D-brane inflation in warped throats [52–
54] and in closed string models [55, 56]. Coulomb potentials have appeared as potentials for
D-brane inflation [57] and its embeddings in warped geometries [58].
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FIG. 3: Left: An inflection-point-type potential (99). Right: A Coulomb-type potential (100).
The values of the parameters are given in (101).
We have chosen the parameters such that canonical inflation on these potentials gives
rise to 60 or more e-folds of inflation,
Inflection Point:
(
V0 = 3.7× 10−16, λ = 1.13× 10−20, β = 1.09× 10−15, φ0 = 0.01
)
;
Coulomb:
(
V0 = 5.35× 10−14, T = φ40V0, n = 4, φ0 = 0.01
)
, (101)
and so that the normalization of the power spectrum and the spectral index agree with
observations [3], i.e. Pζ = 2.41× 10−9, ns = 0.961.
A. Canonical Inflation
Let us see how the prescription (27) for computing the inflationary attractor solutions
works by first computing the well-known attractors for the case when the Lagrangian consists
of a canonical kinetic term and potential:
pcanon = X − V (φ) . (102)
It is straightforward to find that
Π = −
√
2X (103)
⇒ Π˙
HΠ
=
1
2
X˙
HX
⇒ ηΠ = ηX . (104)
The energy density is simply ρ = X + V , so solving (27) for X gives the usual solution:
Xinf(φ) =
1
2
V (φ)


√
1 +
2
3
M2p
(
V ′
V
)2
− 1

 ≈ M2p
6
(V ′)2
V
; (105)
Πinf(φ) ≈ − MpV
′
√
3V 1/2
. (106)
The approximation is made to leading order in ǫ. It is straightforward to evaluate the
inflationary parameters (28-30) using the solution (105). The inflationary parameters reduce
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FIG. 4: Left: The (φ, |Π|) phase-space diagram for a scalar field with a canonical kinetic term and
inflection-point potential (99). The thick dashed line is the inflationary attractor trajectory and
thin solid lines are exact numerical solutions to the equations of motion. Right: The inflationary
parameters ǫ, |ηX |, and |ηΠ| are shown as functions of φ. The solid horizontal (black) line denotes
the value 1.
to the usual “slow-roll” parameters in terms of the derivatives of the potential;
ǫ =
M2p
2
(
V ′
V
)2
, (107)
ηX = ηΠ =M
2
p
V ′′
V
. (108)
FIG. 5: Left: The (φ, |Π|) phase-space diagram for a scalar field with a canonical kinetic term
and Coulomb potential (100). The thick dashed line is the inflationary attractor trajectory and
thin solid lines are exact numerical solutions to the equations of motion. Right: The inflationary
parameters ǫ, |ηX |, and |ηΠ| are shown as functions of φ. The solid horizontal (black) line denotes
the value 1.
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The canonical inflationary attractor solution in phase space for the inflection-point po-
tential is shown as a thick dashed line in the left-hand plot of Figure 4, along with some
sample trajectories for initial conditions outside of the inflationary regime. The inflation-
ary parameters for a canonical kinetic term and inflection-point potential are shown on the
right-hand side of Figure 4, where we see that ηX = ηΠ, as expected by our analysis. The
same variables are shown in Figure 5 for the Coulomb-like potential (100).
B. DBI Inflation
One popular single-field Lagrangian which contains higher-dimensional derivative opera-
tors is the Dirac-Born-Infeld (DBI) Lagrangian,
p(X, φ) = − 1
f(φ)
(√
1− 2f(φ)X − 1
)
− V (φ) . (109)
This type of Lagrangian appears when describing the motion of D3-branes in a warped
product space of the form R3,1×M6 (see [8–10, 41, 59] for some discussion of DBI inflation
and DBI attractors); here we will take (109) as a phenomenological model. The reality of
the Lagrangian implies a speed limit for the scalar field:
Xmax =
1
2f(φ)
. (110)
The function f(φ), called the “warp factor” since it arises when a D3-brane is embedded
in a warped space, can be viewed as a field-dependent UV cutoff, i.e. f(φ) = Λ−4eff , arising
from integrating out W bosons with a field-dependent mass. The conjugate momentum for
the DBI Lagrangian (109) is
ΠDBI = −
√
2X√
1− 2f(φ)X . (111)
In order to find the inflationary solution, we must solve (27) for Xinf (φ). The full ex-
pression to be solved is
√
3χ
√
1√
1− χ2 − 1 + f(φ)V (φ) =MpV
′f
√
1− χ2 − Mpf
′
f
(
1− 1
2
χ2 − (1− χ2)1/2
)
,
(112)
where we used the variable χ ≡
√
2Xf(φ) to simplify the expression. The general solutions
for χ(φ) to this algebraic equation are difficult to find analytically. However, we can simplify
the expression using variables analogous to those defined above (in (53), (59) and (79)) and
in [41]:
ADBI(φ) ≡ V
′(φ)f 1/2(φ)
3H(φ)
; (113)
∆DBI(φ) ≡ f
′(φ)
3H(φ)f 3/2(φ)
, (114)
27
where a prime ′ denotes a derivative with respect to φ. We then find an expression for the
inflationary solution χinf (φ) which looks similar to Eq.(3.27) of [41] (which determined the
“fixed point” solutions, in the terminology of that work):
V ′f 1/2(1− χ2)1/2 − 3Hχ− f
′
f 3/2
(1− 1
2
χ2 − (1− χ2)1/2) = 0
⇒ ADBI(1− χ2)1/2 − χ−∆DBI
(
1− 1
2
χ2 − (1− χ2)1/2
)
= 0. (115)
The differences between the expression (115) determining the attractor solution and the
corresponding expression Eq.(3.27) of [41] are found to be only in the terms multiplying
∆DBI . These differences can be understood, since [41] was looking for attractor solutions of
the form χ˙ ≈ 0, while the solutions of (115) are attractor solutions of the form Π˙ ≈ 0. Since
the two variables χ and Π are related by Π = −f−1/2χ/
√
1− χ2, it is not surprising that
we find some differences in the corresponding attractor solutions. Despite the overlap in the
solutions, the approach given here [using (27) or (115)] is more general than that presented
in [41] because it can be applied to other Lagrangians beyond DBI.
We show in Appendix C that in order for DBI inflationary solutions to (115) to exist, we
require |∆DBI | ≪ 1. In this limit, the inflationary solutions are
ΠDBIinf (φ) = −
MpV
′
√
3V
; (116)
XDBIinf (φ) =
A2DBI
2f(φ)(1 + A2DBI)
. (117)
The sound speed evaluated on the inflationary solution is
c2s =
1
1 + A2DBI
, (118)
so ADBI ≫ 1 implies the noncanonical limit cs ≪ 1, while ADBI ≪ 1 implies the canonical
limit cs ∼ 1. The inflationary parameters (28-30) become simple functions of φ on the
inflationary solution:
ǫDBI =
3
2
A2DBI
(1 + A2DBI)
1
1 + f(φ)V (φ)−1
(1+A2DBI )
1/2
≈
{
3
2
A2DBI
fV
= ǫSR ADBI ≪ 1 “Slow Roll”
3
2
ADBI
fV
= ǫSR
ADBI
ADBI ≫ 1 “DBI”
;(119)
(ηX)DBI = ǫDBI +
ηSR − ǫSR
(1 + A2)3/2
≈
{
ηSR ADBI ≪ 1“Slow Roll”
ǫSR
ADBI
ADBI ≫ 1 “DBI”
; (120)
(ηΠ)DBI =
ηSR
(1 + A2DBI)
1/2
≈
{
ηSR ADBI ≪ 1“Slow Roll”
ηSR
ADBI
ADBI ≫ 1 “DBI”
; (121)
where we have used the fact that fV must be much greater than ADBI to simplify the large
ADBI or DBI limit of ǫDBI . Notice that in the large ADBI limit the inflationary parameters
are suppressed compared to their usual slow-roll values by a power of ADBI ≫ 1; this is
the effect, noticed previously, that a DBI kinetic term can support inflation even on a steep
potential.
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FIG. 6: Left: The (φ, |Π|) phase-space diagram for a scalar field with a DBI kinetic term and
inflection-point potential (99). The thick dashed line is the inflationary attractor trajectory and
the thin solid lines are exact numerical solutions to the equations of motion. Right: The inflationary
parameters ǫ, |ηX |, |ηΠ| and the “noncanonical-ness” parameter A(φ) are shown as functions of φ.
The dashed horizontal (black) line denotes the value 1.
As a concrete example, on the left-hand side of Figure 6 is the phase-space plot of the in-
flationary solution, including the DBI regime, for a constant warp factor f = (5×10−6Mp)−4
and the same inflection-point potential as above. On the right-hand side of Figure 6, the
inflationary parameters and the parameter A(φ) are plotted as functions of φ. There are sev-
eral features that stand out compared to the canonical case in Figure 4. In particular, note
that the inflationary parameters all stay below unity for the entire range considered, cour-
tesy of the DBI effect. Because of this, the inflationary attractor is valid for a larger range of
φ in the phase space. Also, we see the ηX ∼ ǫ behavior in the large A limit, as expected by
our analysis (120), and that initial conditions away from the inflationary trajectory appear
to be more strongly attracted to the attractor. Similar behavior is seen in Figure 7 for
DBI inflation on a Coulomb-like potential (100) with warp factor f = (5× 10−5Mp)−4 (the
warp factor is different because the Coulomb potential has a different scale from that of the
inflection-point potential, so the warp factor should change accordingly). Note that usually
DBI inflation does not work on the Coulomb potentials that arise from brane inflation. The
reason we have DBI inflation on a Coulomb potential here is that we have decoupled the
scales of V (φ)coulomb and f(φ). In brane inflation models, these scales are set by the physics,
and turn out to be such that DBI inflation on a Coulomb potential is impossible (see for
example [42]).
C. Tachyon Action
Another popular Lagrangian that appears in string theory models of scalar fields has the
form
p(X, φ)Tach = −V (φ)
√
1− 2X
Λ4
. (122)
Here Λ is some constant scale (e.g. the string scale), so that the argument in the square
root is dimensionless. This type of Lagrangian most commonly appears as the effective
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FIG. 7: Left: The (φ, |Π|) phase-space diagram for a scalar field with a DBI kinetic term and
Coulomb potential (100). The thick dashed line is the inflationary attractor trajectory and the
thin solid lines are exact numerical solutions to the equations of motion. Right: The inflationary
parameters ǫ, |ηX |, |ηΠ| and the “noncanonical-ness” parameter A(φ) are shown as functions of φ.
The dashed horizontal (black) line denotes the value 1.
Lagrangian for the open string tachyon in bosonic string field theory describing the decay of
an unstable D-brane [14–17], but interestingly this Lagrangian also appears (with a different
function V (φ)) as the effective action for a wrapped D4-brane in a Nil-manifold as described
in Eq(2.9) of [60]. Inflation with the tachyon has been considered before in [61–63]; we will
only briefly consider this case, rederiving many of the results already known. The conjugate
momentum and energy density are
ΠTach = −V (φ)
Λ4
√
2X√
1− 2X/Λ4 (123)
ρTach =
V (φ)√
1− 2X/Λ4 . (124)
In solving for the inflationary solutions, as with the DBI action above it is convenient to
write quantities in terms of the dimensionless parameter,
ATach ≡
(
M2p
3
(
V ′
V
)2
Λ4
V (φ)
)1/2
(125)
which, as can be seen, is related to the usual canonical slow-roll parameter. After some
algebra, the solutions are found to be
Xinf(φ) =


Λ4A2Tach
2
ATach ≪ 1, “slow roll” limit
Λ4
2
(
1− 1
A
4/5
Tach
)
ATach ≫ 1 “higher derivative” limit
(126)
The inflationary parameter becomes
ǫTach =
{
3
2
A2Tach ATach ≪ 1
3
2
ATach ≫ 1 .
(127)
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This form of Lagrangian does not support inflation in the limit in which the higher-
dimensional operators are important: Lagrangians of the type (122) only have the usual
slow-roll-type solutions, irrespective of the form of the “potential” V (φ). This result was
in fact already noticed in [63], where it was found that the requirement ρ + 3p < 0 for
accelerated expansion to occur requires X/Λ4 ≤ 1/3. The Lagrangian satisfying this bound
is approximately the canonical one (102), so inflationary solutions should only exist in the
canonical slow-roll limit, as we confirmed with our explicit inflationary analysis.
D. Powerlike Lagrangian
As an example of the general Lagrangians discussed in Section IV, let us take the kinetic
term to be of the powerlike form:
p(X, φ) = Λ4
[(
1 +
2
3
X
Λ4
)3/2
− 1
]
− V (φ) . (128)
For X/Λ4 ≪ 1, this Lagrangian has a canonical kinetic term plus corrections, but it is very
different at large X . Note also that this Lagrangian does not imply a speed limit; X can take
any value X ∈ [0,∞). Following the same analysis as in the examples above, an inflationary
solution can easily be found for all values of A:
Xinf =
3
4
Λ4
[√
1 +
4
3
A2 − 1
]
. (129)
The sound speed on the inflationary solution becomes
c2s =
1
2

1 + 1√
1 + 4
3
A2

 . (130)
Notice that c2s ≥ 1/2 even for A ≫ 1, so there is a limit to how “noncanonical” this
Lagrangian can become. The inflationary parameters can be evaluated to be
ǫ =
3
23/2
ǫSR
A2
(√
1 +
4
3
A2 − 1
)(
1 +
√
1 +
4
3
A2
)1/2
≈
{
ǫSR A≪ 1
31/4 ǫSR
A1/2
A≫ 1 ; (131)
ηX ≈ 3
1/4
2
ǫSR + ηSR
A1/2
; ηΠ ≈ 31/4 ηSR
A1/2
, (132)
in the large A limit. To demonstrate that this effect really is present, in Figures 8 and 9 we
present the phase-space plots of the inflationary solution and the inflationary parameters
evaluated as a function of φ for the same inflection-point potential (99) and Coulomb poten-
tial (100) as before, with Λ = {5× 10−6Mp, 5× 10−5} for the inflection-point and Coulomb
potentials respectively, i.e. the same UV cutoff scales that were used in the DBI example
above. By comparison with Figures 4 and 5 we see that the inflationary parameters are
indeed suppressed relative to their usual canonical slow-roll values, but not as much as for
DBI inflation, as in Figures 6 and 7.
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FIG. 8: Left: The (φ, |Π|) phase-space diagram for a scalar field with a powerlike kinetic term (128)
and inflection-point potential (99). The thick dashed line is the inflationary attractor trajectory
and the thin solid lines are exact numerical solutions to the equations of motion. Right: The
inflationary parameters ǫ, |ηX |, |ηΠ| and the “noncanonical-ness” parameter A(φ) are shown as
functions of φ. The dashed horizontal (black) line denotes the value 1.
FIG. 9: Left: The (φ, |Π|) phase-space diagram for a scalar field with a powerlike kinetic term (128)
and Coulomb potential (100). The thick dashed line is the inflationary attractor trajectory and the
thin solid lines are exact numerical solutions to the equations of motion. Right: The inflationary
parameters ǫ, |ηX |, |ηΠ| and the “noncanonical-ness” parameter A(φ) are shown as functions of φ.
The dashed horizontal (black) line denotes the value 1.
VII. CONCLUSION
In this paper we have examined the effect of noncanonical kinetic terms on inflation
in single-field models. For effective Lagrangians of the form p(X, φ) (where X = 1
2
φ˙2)
we outlined how to construct the general noncanonical inflationary solutions to the scalar
field equations of motion. The noncanonical inflationary solutions are parameterized by
the generalised inflationary parameters ǫ, ηX and ηΠ, which smoothly reduce to the usual
slow-roll parameters in the canonical limit. Furthermore, we have seen that inflationary
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trajectories are attractors, so that deviations from an inflationary trajectory in phase space
are driven to zero. This analysis reduces to the known results for canonical slow-roll inflation,
and can also be carried out in the Hamilton-Jacobi formalism (see Appendix A), making
the result quite general.
However, the fact that noncanonical inflation is dynamically attractive obviously does not
imply that all theories with noncanonical kinetic terms are physically attractive. In order
for a model to give rise to noncanonical inflation at all the Lagrangian must have the right
functional form p(X, φ), and the initial conditions should be such that inflation actually
occurs.
In Section IV we described the structure of Lagrangians that lead to noncanonical in-
flation. We considered Lagrangians that are written as a power series expansion of the
form
p(X, φ) =
∑
n≥0
cn
Xn+1
Λ4n
− V (φ), (133)
with nonzero radius of convergence R, and as some known closed-form expression
p(X, φ) = Λ4q
(
X
Λ4
)
− V (φ) , (134)
where in both cases Λ is the UV cutoff of the effective theory. For both (133) and (134),
noncanonical inflation is possible when both A ≡ V ′
3H
1
Λ2
and V
Λ4
are large. For the series-
expansion Lagrangian (133) to support noncanonical inflation, ∂p
∂X
must further diverge
at R, while for the closed-form Lagrangian (134), the kinetic term must have a positive
second derivative with respect to X. This condition, ∂
2q
∂X2
> 0, is just the condition that the
speed of propagation of perturbations be real and subluminal, which one should in any case
demand of a physical theory. In addition, we found that when a strong φ dependence in the
kinetic term is allowed, the inflationary parameter ηX is generically large, and therefore that
inflation does not last for more than a few e-foldings. (It should be noted that restricting
to Lagrangians that have weak dependence on φ in their kinetic terms may represent some
fine-tuning from the effective-field-theory point of view.)10 These results should be useful
for model builders of inflation, regardless of the origin of the effective field theory they are
considering.
We examined these constraints for several examples, showing that - contrary to what one
might have guessed from known examples - the existence of a speed limit on φ is neither nec-
essary nor sufficient for the existence of noncanonical inflationary solutions. We explored the
phase-space behaviour for inflationary attractors, confirming that for noncanonical models
the inflationary attractor is valid for a larger range of φ values than in the canonical case.
It is also important to understand the set of initial conditions that gives rise to (canonical
or noncanonical) inflation. Trajectories with an arbitrarily large initial momentum can miss
the attractor trajectory altogether, because inflationary attractors are typically only defined
over some finite range of φ values. Theories with a severe overshoot problem thus require very
finely tuned initial conditions. Inflation in these models, albeit attractive, is not especially
natural. The presence of noncanonical terms can have an ameliorating effect on the severity
of the overshoot problem in a given theory, but their relevance in the allowed phase space is
10 We would like to thank L. Leblond for discussions on this point.
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model specific, as seen for DBI models in [41, 42]. We are currently working on elucidating
the role noncanonical kinetic terms play in the initial conditions fine-tuning problem, and
will return to this subject in more detail in the near future [43].
Although our effective -field-theoretic approach of studying the effect of higher-order ki-
netic terms in a single scalar field theory can be self-consistent, it is also a great simplification.
We have restricted ourselves to the single-field case, whereas it is clear from the argument
in the Introduction that the presence of other fields, even those massive enough to be safely
integrated out, can affect the inflationary dynamics – for instance via the noncanonical ki-
netic terms considered here. What is more, these fields are a general feature of any attempt
to embed an inflationary model in a UV-complete setting, such as string theory. It would
be interesting to understand better the effect of multiple fields in the context of our EFT
approach. We have also assumed homogeneous initial conditions; however, since inflation is
invoked to explain observed large-scale homogeneity, it would be helpful to understand how
homogeneity can emerge dynamically from inhomogeneous initial conditions. The presence
of noncanonical kinetic terms can have an important and interesting dynamical effect on
this problem, and deserves further study.
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Appendix A: Attractors in the Hamilton-Jacobi Formalism
We will now show that noncanonical inflation is an attractor using the Hamilton-Jacobi
formalism. The Hamilton-Jacobi equation for the general action p(X, φ) is (see Eq.(38) of
[22])
3M2pH
2(φ) =
4M4pH
′2
pX(X(H ′), φ)
− p(X(H ′), φ), (A1)
where a prime ′ denotes a total derivative with respect to φ and X = X(H ′) is defined by
the relation (see Eq.(35) of [22])
H ′(φ) =
√
2XpX
2M2p
. (A2)
Note that
c2s =
(
1 + 2X
pXX
pX
)−1
. (A3)
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We want to consider perturbationsH(φ) = H0(φ)(1+δH(φ)) about a background solution
H0(φ), and are interested in scenarios when this perturbation decays rapidly.
11 We will see
that perturbations decay whenH0(φ) is inflationary, but for now we takeH0(φ) to be general.
At the linearized level, we have
H2(φ) ∼= H20 + 2H20δH ; (A4)
H ′(φ) ≡ H ′0 + (H ′0δH +H0δH ′); (A5)
H ′2(φ) ∼= (H ′0)2 + 2H ′0(H ′0δH +H0δH ′) +O(δH)2. (A6)
It is useful to write the perturbed version of (A2) (at fixed φ) as
(H ′0δH +H0δH
′) = −δX pX
2M2p
√
2X
c−2s (A7)
⇒ δX
(H ′0δH +H0δH ′)
=
4M4p c
2
sH
′(φ)
(pX)2
, (A8)
using the unperturbed version of (A2) to rewrite the right-hand side.
The linearized form of (A1) under perturbations takes the following form (using the chain
rule):
6M2pH
2
0δH(φ) =
8M4pH
′
0(H
′
0δH +H0δH
′)
pX
− 4M
4
p (H
′
0)
2pXX
(px)2
(
δX
(H ′0δH +H0δH ′)
)
(H ′0δH +H0δH
′)
− pX
(
δX
(H ′0δH +H0δH ′)
)
(H ′0δH +H0δH
′) (A9)
Using (A8), (A9) can be rewritten as
δH ′
δH
= −3
2
H0
H ′0M2p
[
c2s − 2
pX
+ 4M4p c
2
s(H
′
0)
2pXX
p4X
]−1
−
(
H ′0
H0
)
. (A10)
Making use of (A2) for H ′ = H ′0, we can rewrite the last term in the parentheses of (A10)
to be c2s 2XpXX/(pX)
2, so that (A10) becomes the simple expression (after cancellation of
terms involving cs):
δH ′
δH
=
3
2 M2p
(
H0
H ′0
)
pX −
(
H ′0
H0
)
. (A11)
11 Notice that this ansatz for the perturbation is different from the one that is usually taken, H = H0+ δH˜.
The difference between the two ansa¨tze is proportional to the time variation of the background Hubble
parameter H0, and indeed we will see below that our general result only differs from the standard result
up to terms of order the inflationary parameter ǫ. However, our improved perturbation ansatz removes
the possibility of an incorrect identification of an attractor, such as when δH˜ decreases at the same rate
as H0. In this case our definition explicitly reveals the true perturbation, δH(φ), to be a constant, i.e. we
do not have an attractor.
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Now by the definition of the number of e-folds Ne =
∫
H0dt, we have
dNe = H0dt = H0
dt
dφ
dφ = − H0√
2X
dφ = − 1
2M2p
(
H0
H ′0
)
pXdφ , (A12)
where we used (A2) to rewrite
√
2X . This can be used to rewrite (A11) as
d ln δH
dNe
= −3 + ǫ, (A13)
where the Hamilton-Jacobi form for the inflationary parameter is [22]
ǫ =
2M2p
pX
(
H ′
H
)2
. (A14)
The solution to (A13) is
δH ∼ e(−3+ǫ)Ne . (A15)
When the inflationary parameter is small, i.e. ǫ ≪ 1, we find as in [21] that perturbations
δH decay as
δH ∼ e−3Ne . (A16)
Since the number of e-folds grows rapidly during inflation, perturbations from noncanonical
inflationary solutions are seen to be attractors in the Hamilton-Jacobi formalism.
Appendix B: K-inflation Lagrangians
Our analysis in Section IV was not entirely general - the solutions we constructed assumed
that the coefficients of the higher-dimensional operators were positive. When the coefficients
are negative, one can obtain new types of solutions with different behavior. These are the
k-inflationary-type solutions studied in [18]. However, as discussed earlier, these types of
Lagrangians typically violate, somewhere in phase space, either the null-energy condition or
the conditions that the “sound speed”, cs, of perturbations is less than that of light, and
real. Nevertheless, it is interesting to consider these types of Lagrangians for completeness.
Let us consider a Lagrangian as in [18], given by
p(X, φ)K = K(φ)X +
1
Λ4
X2, (B1)
where K(φ) < 0 for some region of φ. In this case we find that the conjugate momentum is
ΠK = −
√
2X
[
K(φ) +
2
Λ4
X
]
. (B2)
Solving (27) for X with the above Lagrangian and canonical momentum gives the solution
XKinf =
Λ4
2
(−K(φ))
(
1− 1√
3
MpK
′
(−K)3/2
)
+O
(
MpK
′
(−K)3/2
)
. (B3)
Note that this matches the solution found in [18](Eq.(4.6)) to leading order; here we can
compute the subleading corrections as well.
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Using (B3) we can compute the inflationary parameters:
ǫ = 2
√
3Mp
K ′
(−K)3/2 ; (B4)
ηΠ = 2
√
3
Mp
(−K)1/2
K ′′
K ′
; (B5)
ηX = ǫ+
√
3Mp
K ′
(−K)3/2 =
3
2
ǫ . (B6)
We see that ǫK matches the small parameter δX/Xsr found in [18]. In addition, we find
another parameter which must be small, proportional to Mp
(−K)1/2
K ′′
K ′
, which would not have
been seen with the analysis of [18].
Appendix C: DBI Inflation O(∆) Terms
In this section we revisit the assumption made for the DBI system that DBI inflationary
solutions only exist for |∆| ≪ 1. The general solution to (115) is not immediately apparent.
However, the solution for the case ∆ = 0 is easily found, and perturbing this solution gives
a series expansion in ∆. As argued below, we have several reasons to expect ∆ to be small,
making this expansion valid. Here we assume that the energy density is dominated by
the potential so that H(φ) = V 1/2(φ)/
√
3Mp is a function of φ; deviations to this will be
proportional to the slow-roll parameters. We are then able to treat A as a constant in X
when solving (115): A =
(
2
3
ǫSRV f
)1/2
. This assumption is motivated by the fact that it is
required for inflation to take place; its consistency is also checked below. The solution to
first order in ∆ is
XDBIinf (φ) =
A2Q2
2f
− ∆AQ
3
f
(1−Q− 1
2
A2Q2); (C1)
ΠDBIinf (φ) = −
MpV
′
√
3V
+
∆√
fQ
(1−Q− 1
2
A2Q2); (C2)
ρDBI =
1
fQ
− 1
f
+ V − ∆A
f
(1−Q− 1
2
A2Q2) , (C3)
where we defined Q = 1√
1+A2
.
With this solution in hand, we can now check our assumption that the energy density is
dominated by the potential energy. It is clear that for A≪ 1⇒ Q ≈ 1, the energy density
(C3) is dominated by the potential energy V . In the limit where A ≫ 1, the scalar field
approaches the speed limit Xmax =
1
2f
, as can be seen from (C1). This might be a concern,
since the energy density,
ρ =
1
f(φ)
[
1√
1−X/Xmax
− 1
]
+ V (φ), (C4)
appears to be dominated by the kinetic term in this limit. However, we see that the energy
density evaluated on the DBI inflationary attractor solution given above,
ρDBI ≈ V
[
1 +
A
V f
]
= V
[
1 +
√
2
3
√
ǫSR
V f
]
, (C5)
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is still dominated by the potential as long as V f ≫ A. This conclusion does not change when
theO(∆) terms are included: ρ ≈ V
(
1 + (1−∆)A
V f
)
is still dominated by V for V f ≫ A. Thus
when ǫSR ∼ O(1) (i.e. the potential is not flat), our assumption about the energy density -
and of the existence of the inflationary solution - is only valid when V ≫ 1/f . For example,
the potential must be large in units of the “warped” energy scale Λwarped = 1/f(φ)
1/4.
The O(∆DBI) corrections to the DBI inflationary parameters can be calculated and are
given (in terms of Q) by
ǫDBI =
3A2Q2
2(1 +Q(fV − 1)) +
3AQ5∆((2 + A2)(fV − 1)Q+ 2)(2− (2 + A2)Q)
4(1 + (fV − 1)Q)2 ; (C6)
(ηX)DBI = ǫDBI +
1
(A2 − 2∆AQG) 12 ×
[
(ηSR − ǫSR)Q3A (C7)
−∆(ηSR − ǫSR)Q4
(
G(1− 2A2) + A2Q(1−Q))+ ∆A2Q
2
(
GQ
fM2pH
2
+ 3(Q2 − 1)
)
+
3∆2AQ2
2
(
5G−Q2(G(1− 2A2) + A2Q(1−Q)))−∆(2)AGQ2] ;
(ηΠ)DBI = −
√
1−M
2M(−∆(1 −√M)2 + 2A√M) × (C8)[
−4ηM3/2 + 2M∆(2)(1−
√
M)2 + 3∆2(1− 6M − 3M2 + 8M3/2)
]
,
where for compactness we have defined G = 1 − Q − 1
2
A2Q2, M = 1 − A2Q2 + 2∆AQ3G
and the parameter ∆(2) ≡M2p f ′′/(V f 2). At this point we can check our earlier assumptions
that ∆DBI is small, and expanding in terms of it is valid. To simplify matters we work in
the DBI limit where A is large; in this limit the inflationary parameters, including O(∆)
corrections, are given by
ǫDBI |A≫1 =
3A
2fV
(
1− 1
2
∆
A
)
; (C9)
(ηX)DBI |A≫1 = ǫDBI +
(ηSR − ǫSR)
A3
(1 + ∆)− 3
2
∆− ∆
(2)
2A
; (C10)
(ηΠ)DBI |A≫1 ≈
ηSR
A
(
1 +
1
2
∆1/2
)
− ∆
(2)
2∆1/2
− ∆
(2)
4
− 3
4
∆1/2A2. (C11)
Clearly, since ηX ∼ ∆, we will require ∆ ≪ 1 in order to have inflationary solutions.
However, since ηΠ ∼ ∆1/2A2, the smallness of ηΠ requires the even stronger condition that
∆ ≪ 1/A4. We also see that the parameter ∆(2) is constrained to be small; the strongest
constraint again comes from ηΠ, which requires ∆
(2) ≪ ∆1/2 ≪ 1/A2. Thus, our earlier
assumption that ∆ is small is consistent. Similarly, the requirement that the sound speed c2s
(48) needs to be approximately constant during inflation is imposed through the smallness
of the additional inflationary parameter κ:
κ ≡ c˙s
Hcs
= −1
2
1
1 + pX
2XpXX
(
X˙
HX
+
p˙XX
HpXX
− p˙X
HpX
)
. (C12)
38
For the DBI Lagrangian on the inflationary solution this gives
κDBI =
1
2
2fXinf
1− 2fXinf
[
3∆
√
2fXinf − 2(ǫ− ηX)
]
A≫1→
(
ηSR − ǫSR
2A
)
(1 + ∆) + 3A2∆+ A∆(2) . (C13)
The above requirements of having small ∆ and ∆(2) are sufficient to keep |κDBI | ≪ 1, as
long as we are in an inflationary regime where ǫSR/A and ηSR/A≪ 1.
As an example where ∆ is small, in the original string theory inspired models of DBI
inflation [8] the potential and warp factors are V (φ) = m2φ2/2, and f(φ) = λ/φ4. We obtain
from (28) ǫDBI ≈
√
6/λMp/m, which agrees with the leading order behavior given in (3.8)
of [10]. For this warp factor, we have ∆DBI ∼ 1/(mλ1/2) ∼ ǫDBI , so the smallness of ∆DBI
arises from the smallness of ǫ, even though f(φ) is not actually constant in φ.
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